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667. 


ON THE BICIRCULAR QUARTIC: ADDITION TO PROFESSOR 


CASEY'S MEMOIR “ON A NEW FORM OF TANGENTIAL 
EQUATION.” 


{From the Philosophical Transactions of the Royal Society of London, vol. CLXVIt. 
Part 11. (1877), pp. 441—460. Received January 24,—Read February 22, 1877.] 


PROFESSOR CASEY communicated to me the MS. of the Memoir referred to, and he 
has permitted me to make to it the present Addition, containing further developments 
on the theory of the bicircular quartic. 


Starting from his theory of the fourfold generation of the curve, Prof. Casey 
shows that there exist series of inscribed quadrilaterals ABCD whereof the sides AB, 
BC, CD, DA pass through the centres of the four circles of inversion respectively ; 
or (as it is convenient to express it) the pairs of points (A, B), (B, C), (©, D), (D, A) 
belong to the four modes of generation respectively, and may be regarded as depending 
upon certain parameters (his 0, 0, 0”, 0”, or say) œ, @ @;, œ respectively, any 
three of these being in fact functions of the fourth. Considering a given quadrilateral 
ABCD, and giving to it an infinitesimal variation, we have four infinitesimal arcs 
AA’, BB’, CC’, DD’; these are differential expressions, AA’ and BB’ being of the form 
M dœ, BB’ and CC’ of the form M,do,, CC’ and DD’ of the form M,de,, DD’ and 
AA’ of the form Mdw; or, what is the same thing, AA’ is expressible in the two 
forms Mdw and M,do,, BB’ in the two forms M,do, and M,do,, &c., the identity of 
the two expressions for the same arc of course depending on the relation between 
the two parameters. But any such monomial expression Mdw of an arc AA’ would 
be of a complicated form, not obviously reducible to elliptic functions; Casey does 
not obtain these monomial expressions at all, but he finds geometrically monomial 
expressions for the differences and sum BB’— AA’, CC’—BB’, DD +00, DD- AA’ 
(they cannot be all of them differences), and thence a quadrinomial expression 
AA'= N,do,+N.do,+N;,do,+Ndw (his ds’=pdé+ p' dO’ +p" dé" + p” dé”); and that 
without any explicit consideration of the relations which connect the parameters. 
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I propose to complete the analytical theory by establishing the monomial equations 
AA’ = Mdo =M do, &c., and the relations between the parameters wœ, œ, @., @; which 
belong to an inscribed quadrilateral ABCD, so as to show what the process really is 
by which we pass from the monomial form to a quadrinomial form 


AA’ (or dS)=Ndo + N,do, + Nado, + Ndas, 


wherein each term is separately expressible as the differential of an elliptic integral ; 
and further to develop the theory of the transformation to elliptic integrals. We 
require to establish for these purposes the fundamental formule in the theory of the 
bicircular quartic. 


I remark that in the various formule f, g, 0, 0, 0», 6; are constants which enter 
only in the combinations f+0, f—g, 0—0, 0.—0, 0;—@: that X, Y are taken as 
current coordinates, and these letters, or the same letters with suffixes, are taken as 
coordinates of a point or points on the bicircular quartic: and that the letters (a, y), 
(2, Yi), (22, Ye), (8s, Ys) are used throughout as variable parameters, viz. we have 


CaS +(g+9)y =1, 
(f+ 9,) a? + (9 + 4) y? =l, 
(f+ 0) a? + (g + 0) yo? =l, 
(f+ 95) a3 + (9 + 83) ys? =1; 
cosæ sinw 
NEE 
(£i, A), (£2 Yo), (s, Ys) are functions of the parameters œi, œ», œ respectively. We 
sometimes use these or similar expressions of (æ, y), &c., as trigonometrical functions 
of a single parameter; but we more frequently retain the pair of quantities, considered 
as connected by an equation as above and so as equivalent to a single variable 
parameter. ; ‘ 


so that 2, y= are functions of a single parameter œ, and similarly 


Formule for the fourfold generation of the Bicircular Quartic. Art. Nos. 1 to 5. 


1. We have four systems of a dirigent conic and circle of inversion, each giving 
rise to the same bicircular quartic: viz. the bicircular quartic is the envelope of a 
generating circle, having its centre on a dirigent conic, and cutting at right angles 
the corresponding circle of inversion; or, what is the same thing, it is the locus of 
the extremities of a chord of the generating circle, which chord passes through the 
centre of the circle of inversion, and cuts at right angles the tangent (at the centre 
of the generating circle) to the dirigent conic; the two extremities of the chord are 
thus inverse points in regard to the circle of inversion. The four systems are 
represented by letters without suffixes, or with the suffixes 1, 2, 3 respectively; and 
we say that the system, or mode of generation, is 0, 1, 2, or 3 accordingly. 


2. The dirigent conics are confocal, and their squared semiaxes may therefore be 
represented by f+0, g+0: f+0, g+A: f+, g+0: ft+%, g+, (which are, in 
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fact, functions of the five quantities f+06, f—g, 0,—0, 0,—0, 0—0); and we can 
in terms of these data express the equations as well of the dirigent conics as of 
the circles of inversion; viz. taking X, Y as current coordinates, the equations are 


PG i i 
f+0 UET, =1, (X-a}+(Y-B)- y =0, or X+ Y?-2a X-2BV+k =0, 
A? ye 


Fpa tg 40,7 Xa + (YB -y= 0, or Xe + Yt- 2aX-—28,Y +k =0, 


2 
Fra, +T} (X —a)? +(Y — RB- y2=0, or X? + VY? —2a,X — 28,Y +k,=0, 
A? F? : i i N 
Fa 6,1 740, L Z4) + (V— Bs — 93 = 0, or X+ Y°- 2a X — 28,Y + k, =0, 
where 


TALSOS TIO (f+ 0) a= (f+ 0) % =(f +s) a =(f+0,) as, 


[tthe AE b (g + 0) B = (g + 01) Bı = (g +) B: = (9 + 9) Bs» 


f+0.g+0 .y =0 —0,.0 —0:.0 —0;, 

f+0.g+0h. ye =0—0 .0 — 0.0- h, . 

f+ 0.9g +0. yè = 02-9 .0,—0,. 0, — bs, 

f+0:.g+0:.y2=0,—0 . 0; —0,. 0; — b, 
F+gt04+6,4+ 6.4+0,=kh+ 20=k, +20, = k, +20, = k; + 20;. 


3. The geometrical relations between. the dirigent conics and circles of inversion 
are all deducible from the foregoing formulæ; in particular, the conics are confocal, 
and as such intersect each two of them at right angles; the circles intersect each 
two of them at right angles. Considering a dirigent conic and the corresponding 
circle of inversion, the centres of the remaining three circles are conjugate points in 
regard as well to the first-mentioned conic, as to the first-mentioned circle; or, 
what is the same thing, they are the centres of the quadrangle formed by the 
intersections of the conic and circle. 


4. The centre of the conics and the centres of the four circles lie on a 
rectangular hyperbola, having its asymptotes parallel to the axes of the conics. Given 
the centres of three of the circles (this determines the centre of the fourth circle) 
and also the centre of the conic, these four points determine a rectangular hyperbola 
(which passes also through the centre of the fourth circle); and the axes of the 
conics are then the lines through the centre, parallel to the asymptotes of the 
hyperbola. 


OIX. 29 
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5. The equation of the bicircular quartic may be expressed in the four forms 


(X:+ Y?-ky—4[(f+0)(X-2¥+(g+0)(Y-B)]=0, 
(X+ F-k} —4[(f + 0) (X -a+ (9 + 4) (VY -e= 0, 
(X + F° — kY — 4[( f+ 62) (X — a) + (g + 4) (Y — PY] = 0, 
(X? + Y?— ks) — 4 [(f + Os) (X — a)? + (g + 5) = B;)"] = 9, 


the equivalence of which is easily verified by means of the foregoing relations. 


Determination as to Reality. Art. Nos. 6 and 7. 


6. To fix the ideas, suppose that f—g is positive; then in order that the centres 
of the four circles of inversion may be real, we must have f+0.f+0,.f+0.f+ 0; 
positive, but g+0.9+6,.9+0,.g+0, negative; and this will be the case if f+ 9, 
S+%, f+0., f+0; are all positive, but g+6, g+0, g+6,, g+0, one of them 
negative, and the other three positive. In reference to a figure which I constructed, 
I found it convenient to take 6@;, 0, @, O to be in order of increasing magnitude: 
this being so, we have f+ 4, positive, g+@,; negative; and the other like quantities 
F+H, f+, f+, 9+, g+, G+, all positive: we then have y? and y? each 
positive, y negative, y positive: viz. the conics and circles are 
Hyperbola H;, corresponding to real circle C;, 
Ellipse E,, g real circle (Cj, 
" i: y imaginary circle C,, 

(viz. the radius is a pure imaginary), 


st E., i real circle C,, 


and the confocal ellipses Æ,, E,, E, are in order of increasing magnitude. The 
centre Co is here a point within the triangle formed by the remaining three centres 
Ci, Co, C;. It will be convenient to adopt throughout the foregoing determination 
as to reality. 


7. It may be remarked that a circle of a pure imaginary radius y, =2d, where 
` is real, may be indicated by means of the concentric circle radius à, which is the 
concentric orthotomic circle; and that a circle which cuts at right angles the original 
circle cuts diametrally (that is, at the extremities of a diameter) the substituted 
circle radius A; we have thus a real construction in relation to a circle of inversion 
of pure imaginary radius. 


Investigation of dS. Art. Nos. 8 to 17. 


8. The coordinates of a point on the dirigent conic Fatra 1 may be 


taken to be (f+0)x (g+0)y: and we hence prove as follows the fundamental 
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theorem for the generation of the bicircular quartic. Consider the generating circle, 
centre (f+ 0)æ, (g+@)y, which cuts at right angles the circle of inversion 


(A - GP Y — BP sy. 
If for a moment the radius is called ò, then the equation of the generating circle is 
(X—f+ OnY +(Y—g+ by) = 8; 
the condition for the intersection at right angles is 
(a—f+t Oa) +(B—g+ byyayt®, 
and hence eliminating ò, the equation of the generating circle is 
A?+ Y?—-k—2(X —a)(f+0)a—-2(VY—8)(9+ &)y=0; 


and considering herein 2, y as variable parameters connected by the foregoing equation 
(f+ 0) a +(g+0)y?=1, we have as the envelope of this circle the required bicircular 
quartic. 


9. It is convenient to write R=4(X?+ Y?—k). The equation then is 
R-(X —a)(f+ 0)a-(Y—-B)(g + %)y=0; 
the derived equation is 
(X —a) (f+ @) da + (Y —B)(g + 8) dy =0; 


and from these two equations, together with the equation in (æ, y) and its deriva- 
tive, we find X —a= Rs, Y—-B=Ry; from these last equations, and the equations 
R=4(X°+ Y?-k), (f+ 0) e2+(9+0)y=1, eliminating v, y, R, we have 


(f+ 0)(X—aP+(g+9)(Y = B= Re, 
(X?+ Y°—kyp—4[(f+ 0) (X — a+ Gg + 0) (Y—BY] =0, 


the required equation of the bicircular quartic. 


that is, 


10. We have thus X -a= Re, Y—SB=Ry, as the equations which serve to 
determine the bicircular quartic: if from these equations, together with R = $(X?+ Y?—k), 
we eliminate X and Y, we have R expressed as a function of æ, y; and thence also 
X, Y expressed in terms of 2, y; that is, in effect the coordinates X, Y of a point 
of the bicircular quartic expressed as functions of a single variable parameter. The 
process gives 2R+k=(a+ Ra)? + (8+ Ry)’, viz. this is . 


R (a? + y) —2 (1 — an — By) R+ °=0, 
or putting for shortness 
Q= (l-as By} -f (+3) 


1 —ax—By+V0 
R= 2 2 ? 
a+y 


this is 


29—2 
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or say the two values are 
1—azr—Py+V0 pal w By - NO. 


R= HY ? e+ yp? ? 


to preserve the generality it is proper to consider V Q as denoting a determinate 
value (the positive or the negative one, as the case may be) of the radical. 


11. Considering the root R’, we have X=a+ R's, Y= + R'y; from these equa- 
tions we obtain 


dX = Rda +a dE, 

dY = R'dy +y dF. 
But from the equation for R’ we have 
hia [R (a? + y*) — (1 — ax — By)| dR’ + R” (a dæ + y dy) + R' (ade + B dy) =0, 

at is, 
—NVQdR + R' (Xd«+ Ydy)=0; 
whence 
dX = Ris+ E = (Xde + Ydy), 


dY = R'dy +7 Y (Xda + Ydy). 


12. The differentials dæ, dy can be ct in terms of a single differential do, 
viz. writing 
_ cos w _ sno 


NES ” T ENA 
B=(f+0)(g+ 4), 


and 


then we have 


It is to be observed that, when the dirigent conic is an ellipse, œw is a real 
angle, and ® is positive (whence also V® is real and positive); but when the dirigent 
conic is a hyperbola, œ is imaginary, and © is negative; we have, however, in either 
case 


ats yp LAE OH 3, 


and we may therefore write 

We segs 

VO Vi f+ OPar+(g+ Ory 
where V(f+ 0 2+(9+06)y? is positive; ds is the increment of arc on the conic 
(f+ 0)a+(9+0)y=1, this are being measured in a determinate sense, and therefore 


dw a 
Je has thus a real positive or 
negative value, even when is imaginary, and it is convenient to retain it in the 
formule. 


ds being positive or negative as the case may be: 
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13. It may further be noticed that, if v denote the inclination to the axis of æ 


of the tangent to the dirigent conic at the point Vf+@cosw, Vg+@sinw, where 
v is Casey’s 0, then 


=e ye where U =(f+ 0) cos?u + (g + 8) sin? v, 
viz. we have 
pee Rt ae Bin 
ses Gr. nee: U; : 
dv 


giving, as is easily verified s We have therefore 


? k 
dw dv 
EP Rae FORT eae 
(2+y)VO v(#+y¥’) 


or 


one (a? + y’) dv, 


vO 
which is another interpretation Ase! E 
14. Substituting for dæ, dy their values, the formulæ become 
aX = 7 {—(g +0) y+ (- (9+) yX ++ 0) a¥)} do, 
av == { (f+ @)e+ 1 (-G +0) yX + (f+ 0)a¥) do 
We have 
aX +yV=ar+ By + (e+) R 
=1-vQ0, 
that is, 
1a —x2X -yY 
VO oa 


and consequently the foregoing expressions of dX, dY become 


Rd 
dX = E ig +) y (eX ty¥ Faf TSH EAEN i 


R’do = 
= TSG {(g+Oy+ft Oa) Y—(g+0)y}, 


aY = EA (f+ 0) (1 - aX -yY)+y(- (9+ 0) yX + (f+ 0)2¥)) 
i de pee) a E ONTE try) Xi 
~ JOVO 9 
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or finally 
po de i 
aX = yg 70+- jean y+B-(9+4)y}, 
— Ade — R'do 1 
dY = Fa (X-(f + a= ee Rata —(F+ Oa. 
15. We have 
(Rat+a—f+0aP+ (Ry + B-g+ Oy) 
= R” (æ + 4) — 2R (1 — as — By) 
+(a—f+0uP+(B—-g+Oy); 
viz. this is 


= (a-FF8 a} + (B -g+ 0y} - 


= 6, the radius of the generating circle. 


Hence if dS, =VdX?+dY?, be the element of arc of the bicircular quartic, this 
element being taken to be positive, we have 


‘R'E do 
dS = SE , 
VO VO 
where e' denotes a determinate sign, + or —, as the case may be. 


16. I stop to consider the geometrical interpretation; introducing dv, the formula 
may be written 
e. R' (æ +y’) è du 
VO, ý 
and we have (æ +y?) R' =1 —as —By—VQ, or 


dS = 


(+y) R _1—ae—By ass 
VO VO, 
1—axv— Py . ; i ; , 
Here —_——— is the perpendicular from the centre of the circle of inversion upon 
y 


NV +y? 
. the tangent to the dirigent conic, and 


is the half-chord which this perpendicular 


VO, 
Ve + y? 
forms with the generating circle. Hence we se By -l= 
+ half-chord, the numerator being in fact the distance of the element dS (or point 
X, Y) from the centre of inversion: the formula thus is 

ijai Si 
$c 
where 6 is the radius of the generating circle, p the distance of the element from 
the centre of the circle of inversion, and c the chord which this distance forms with 


(perpendicular — half-chord) 
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the generating circle. If we consider the two points on the generating circle, and 
write dS’ for the element at the other point, then we have 


(dS + dS) = + opie = 28 du, 


which is Casey’s formula ds’ — ds = 2p dọ (273). 


17. The foregoing forms of dX, dY are those which give most directly the required 
value of dS: but I had previously obtained them in a different form. Writing 


A = Pa—ay+(f—g) zy, 


then 
æA = Ba — ary + [(f+ 9) 2 — (g + 4) y]; 
or since 
(f+ 9) a? =1-(g+0)y, 
this is 


ah = Ba? — azy +[1 — (g + 0) (æ + Y) = y (1 — as — By) + (æ +y) (B-(9 + 9) y) 
= (a? +4) [yR + B-(9 + Oy} +y VO, 
that is, rt 
wh —yVO = (æ+ y’) [yR +B8-(9 +0) y}; 
and similarly ar 
We have therefore 
Rdo 


rrai (£A — y v0), 
Rid 5 
DEE Te a 


and thence a value of dS which, compared with the former value, gives 
QO + A? = (a + 4?) &, 


an equation which may be verified directly. 


Formule for the Inscribed Quadrilateral. Art. Nos. 18 to 22. 


18. We consider on the curve four points, A, B, C, D, forming a quadrilateral, 
ABCD. The coordinates are taken to be (X, Y), (Xi, Yı), (X:, Y), (Xs, Y,) respect- 
ively. It is assumed that (A, B), (B, C), (C, D), (D, A) belong to the generations 
1, 2, 3, 0, and depend on the parameters (a, Yı), (82, Yo), (Ls Ys), (æ, y) respectively. 


We write 
=la w gye Aty) 


Q, = (l — A — By) — 9 (a? + y’), 
04 = (1 = a4, — Bays) — yè (wd + yè), 
Q; = (1 — aga — BsYs) — E (x? + y); 
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and then, VQ denoting as above a determinate value, positive or negative as the case 
may be, of the radical, and similarly VO,, VO, VO; denoting determinate values of 
these radicals respectively, each radical having its own sign at pleasure, we further 
write 
(a? +y°)R’ =l-aze —By —~V0 , (a? + y2) R =1- an — By +N, 
(a? + y?) Ry =1-—%a,- Bi, = VO, (a2 + Ys?) Ry, = 1 — Ga, — BoYo + VO,, 
(v2 SF Ys") R? = 1 — a,4, — BoYo = VO, (a Ys) R; = 1 — az% — B:Ys T VO, 
(æ + y£) R; =1 — 4,2; — Bsy; — N Os, (@+y)R =1—ag -By +Q; 
and- this being so, we must have 
X =a +R x =a 4 Rn, Y =B +R y=ht+Riy, K =4(X? +Y?—k), Rı=4(X° +F? —k,), 
X =a tR m= R47, Y,= Bı+ Rr yı=B2+ Raye, R'=4 (XP+ Y?—k), R=4 (X+ Y}—k), 
A,=%+R, %=%4+R,a;,| V Bo+Ry'y2=Bst+RsYys, R=} (X2+ Y2—k,), R=} (X+ Y2—k;), 
X; =4%+ R; 2 =04 +R ax, Y;= 6,4 R;'y,=B +R Y, R; =4(X}+ Y}—k,), R =4(X}+ Y}—k); 
and then from the values of X, Y, R’, R, we have 
a— a + Rz- R,z, = 0, 
B- B+ Ry- Ry, = 9, 
(@-0,)+ Rh -R =0, 
giving 
(8 —Bi)(@ —%)—(@ —u)(y y) + (8 — 0) (@ y- ay )=0; 


and similarly 
(Bı — Be) (21 — #2) — (a, — a2) (Yr — Yo) + (01 — 02) (trys — #41) = 0, 


(B: TIR Bs) (a, “ay Xs) (a, ae Os) (Ye = Ys) me (0, is 05) CAVE sf LY) =0, 
(B:— B)(@— @)— (%—a)(ys—y)+(0— 0) (zy — 2y) =, 
which are the relations connecting the parameters (æ, y), (%, Y), (#2, Yo), (2z, Ys) of the 


quadrilateral. 


19. We have thus apparently four equations for the determination of four quantities, 
or the number of quadrilaterals would be finite; but if from the first and second 
equations we eliminate (a, y,), and if from the third and fourth equations we eliminate 
(x;, Ys), we find in each case the same relation between (æ, y), (a, Ys), viz. this is 
found to be 

NO, = (1 — 42,— By) (1 -ax — By); 


and we have thus the singly infinite series of quadrilaterals. We have, of course, between 
(4%, Yı), (#3, Ys) the like relation, 


0,0, = (1 — aa; — Byys) (1 — ax, — By) 
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20. The relation between (æ, y), (#%, yı) may be expressed also in the two forms: 


l—a (@+m)—-B (yt m+ (f+ A) om + (9 +A) y+ = (a — ayı — 8 — Rm) =0, 


x 
sy 
l—a (æ+ a)— hy +n) +f +0) cat (g +0) yy + mity aTa (aay — f- Bı- ĝa) =0. 


if A 
In fact, the first of these equations is 


{1 + (f+) wx, + (9 + A) yh, (ay. — my) — {a (x + m) + B (y +y) (eM: — NY) 
‘i {(a =a) Yı —(B—B;,) ay} (æ + y’) =0, 
which, by virtue of the original form of relation, is 


(B — B,) (s — a) — (a — a) (y — h) 


— {1 + (f+ 0) va, + (g+ A) yy} 0—0, 


— {a (æ + æ) + B (y +y) (ay, — ny) + (a -a)y — (B — B) x} (+y) = 0; 


or, in the first term, writing 


and in the third term 


this is 


(L+(f+ 0) aa, + (g + 0) yy) (EP N ETAN 


-w+ +e yty (om —ay)— EE ge n- Eae 


In this equation the coefficients of a and of 8 are separately =0: in fact, the coefficient 
of 8 is 


roe tte 


oie: L, (a? + y?) 


æn (æ — a) + (æ — a) yy — (Y +4) (£y — NY) +s +0, 


ares {1— (f+ 4) a? —(g + A) y3} - 


—(g+9)y"}=0 
and similarly the coefficient of a is =0. 
And in like manner the second equation may be verified. 
21. The two equations are: 
l-as -By -(@ +) BR =a0, + By — (f +0) ar — (g + 0) Yh, 
1 — a0, — By, — (a +y) Ry = aw + By —(f +9) 2m —(9 +8) yy; 
or, substituting for R’ and R, their values, these are 


VO, = ax, + By, — (f+) 0m, —(9 + 6) y D VO, =— a0 — By + (f+ 0) a2, + (g + 0) yy; 
(R 30 
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and similarly 

VQ, = a2 + Biye — (f + 03) ayes — (9 + 03) Yas V0, = — ay, — Bays + (f+ 01) a + (9 + 61) YY: 
VO, = aats + Bays — (S + 95) ats — (9 + 9s) YY VO, = — asta — Boya + (F + 03) atts + (9 + 03) Yay, 
VO, = ayn + By —(f+0) ae —(g + 0) yy, VO =ar- B y+(f+ 0) a + (g +s) yy . 

Differentiating the equation 
(B — By) (w - a) — (a — a) (y — 1) + (8 — A) (ay, — try) = 0, 
[(8 — B:) +(8 — 0) y] da —[(a— u) + (8 — A) a] dy 
—[(B — Bi) + (0 — 4)y ] da, + [(a— a) + (9 -— 0) æ] dy, =0 


and writing herein 


we have 


9 6, 
dies CO ydo, lini ae Dy da. 


0) A + 0) 
dy = (f+ @ ado, dy,= a, da, 
p VO a VQ, Lees 


we find 
— “Eig + O)(B- By t+ (ft O)(a-a)e +(0— 0) (f +0) aa, + (9+) yy) 


+o Je, 9 + 0.) (- ßı) Yt (f+ 0 (a — a) a+ (0 — 0 1) (f+ 0) BL, + (g + 0) yy} «=; 


viz., uN by 0—0, this becomes 


2 dw — da, ; dw dw 
—=(, that is, . 
TiO ig. Te, Teva VONE 
or, completing the system, we have 
do ed efit do, am = dy 


which are the differential relations between the hahaha w, Or, Oa, @3, Or (&, Y), 
(&, Yr); (as, Ya), (a, Ya). 
22. From the equations X =a + R'e, Y =+ k’y, we found 


R'dw 
R'dw 
d¥= Je yg [X -U+ Bal; 


the new values, X =a + Rm and Y= £, + Ry, give in like manner 


Rido, 
dX = y> 6 
~ 70, V6, (9+ 9) m}, 
Ride, 

VO, VO, 


dY =- {X — (f+ 4) x,} ; 
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in virtue of the relation just found between dw and dw,, these two sets of values will 


agree together if only 


R' {Y — (g +0) y} = R {Y - (g +4) ym}, 
= Rh, {X —(f+ 6;) Wik 


R' {X —(f+ A) a} 


These are easily verified: the first is 


RY — (g + 0)(Y—6) =(R — 6+6,) Y — (g + 0) (Y -B,), 


viz. this is (g +0) 8 —(g+9,)8,=0, which is right; and similarly the second equation 
gives (f+ 0)a—(f+0)a = 0, which is right. 


From the first values of dX, dY, we have, as above, 


and the second values give in like manner 


CRS do. 
dd 
Vavo’ 
6, dw 
By Pes la 
V0, VO, 


where ¢, is =+1. It will be observed that we have in effect, by means of the relation 
(B — Bi) (æ - x) — (a — a) (y — y) + (0 — 0.) (zy, — my) = 0, proved the identity of the two 


values of dS. 


Considering the quadrilateral ABCD, and giving it an infinitesimal variation, so as to 
change it into A’B’C’D’, then dS is the element of arc AA’; 


dÄ, dS, dS, for the elements of are BB’, CC’, DD’, 


values for each of the elements dS,, dS, dS;. 


Formule for the elements of Arc dS, 


23. The formule are 


where the es each denote +1. 


ie te eee jidan 


A @S,,-dS,. Art. Nos. 23 to 27. 


Supposing as above that yy? is negative, but 


and writing in like manner 
we have, of course, a like pair of 


that 


mn, Yò, yè are positive ; then R’, R have opposite signs: but R,, R, have the same sign, 
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as have also R; and R,, and Ry and R, We may take 64, ò, ô, and ò as each of them 
positive: the signs of 


VOVO’ VQ VO VQ, VO, VQ, vO, 
hence to make dS, dS,, dS,, dS; all positive, 


, / , l 
€, €i, €2 , €3 5 €& > €2, €3 5 €, 


dw da, dws Lii. BES epee T OF my. hy my 


must have either the signs of 


R, — Ry, Ry, — Ry, — f,, R, — R;, R, 


or else the reverse signs: hence in either case e =— e, &' = 6, & =€ 6€ =6; or the 
equations are r i 
dS = i ò BAe LAR = ò Fearin HA , 
E E a 
dw dw 
ds. = f e AE = R ô degen 3 
e elt’, a A E, 
dw dw 
dS, = R 4.) ee = ò Sante toc. 3 
tee VG, 1G, 
dw dw 
“= ehh ee ate a: 
Sc? e ANO wee 
i ~ 2/0 ; 
24. But we have R' -R= B+ ye’ &c.; and hence, putting for shortness 


8 8, 8, 8 
(+A (+y (a2+y2)VO,’ (a+ y) NO, =P, Pi Pay Ps, 
dS +dS,=+2e P do, 
dS,-—dS = — 2¢,P,dw,, 
dS, — dS, = — 2e,P do, 
d9; — dS = — 2e, Pdo, 


and consequently 
dS =ePdw + ¢,P,do, + «Pda, + e Pdo, 


dS, = ePdw — e Pda, + &P,dw, + e Pdo, 
dS, = ePdw F ¢, Pda, a eP do, + eP idws, 
dS, = ePdw — ¢, Pido — e Pado — e Pados, 


which are the required formulæ for the elements of arc. 


25. The determination of the signs has been made by means of the particular 
figure; but it is easy to see that the pairs of terms could not for instance be 
dS—d8S;,, dS, — dS, dS,—dS,, dS,—dS, or any other pairs such that it would be 
possible to eliminate dS, dS,, dS,, dS,, and thus obtain an equation such as 


ePdw + ¢,P,dw, + ee Pados + ee Pdo; = 90; 


www.rcin.org.pl 


667 | ON THE BICIRCULAR QUARTIC. 237 


this would, by virtue of the relations between dw, dw,, dœ», dw;, become 


sVO 8, VO, as & VO, _ 5 


ee leh es € — & ——— = 


an equation not deducible from the relations which connect w, @,, œs, @3;, and which 
therefore cannot be satisfied by the variable quadrilateral. 


26. The differentials of the formule are, it will be observed, of the form Pdw 
ry dda 
(e+p) NO’ 
where VO, =v f+9.9+9, is a mere constant, 
5 yp, COR sin w 
des NFO Vg+60° 
O= (f+ 0) a—a}?+ (9+ Oy —BP-3 


Jü. cos?’ w sIn? A 

( F0 + G+0 

which is, in fact, the same as Caseys form in @, equation (300), his ¢ being 
= 90° — ao. 


and 


viz. the form is 


Writing as before v in place of his 0, the differential expression becomes simply 
=8dv: but & expressed as a function of v is an irrational function M+N VU, 
and ô would be the root of such a function; so that, if the form originally obtained 
had been this form Sdu, it would have been necessary to transform it into the first- 

ò dw 


mentioned form EEEE : 


in which 6 is expressed as a function of (æ, y), that 
is, of o. | 
27. The system of course is 
dS = eddvu + eð du, + €,6,du, + €,6;dvs, 
dS, = eddu — ¢,8, dv, + e202 du: + €,6;dvs, 
dS, = eddu — €,8, du, — E2 02d V2 + €s un. 
dS, = eddu — e 8, du, — €,8,dv, — €,6,dvs, 


dw 
Ba mrss EY 
(+ yA VO 


where dv = c.; and this is the most convenient way of writing it. 


Reference to Figure. Art. No. 28. 


28. I constructed a bicircular quartic consisting of an exterior and interior oval 
with the following numerical data: (f+ 0,=48, f+4=56, f+ 6,= 60, f+6,=80; 
g+O,=—-6, 9+ %=2, 9 +%=6, g+ O,=26),—not very convenient ones, inasmuch as 
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the exterior oval came out. too large. The annexed figure shows 0, 1, 2, 3, the 
centres of the circles of inversion, the interior oval, and a portion of the exterior 


oval, also the origin and axes; it will be seen that the centres 0, 2 lie inside the 
interior oval, the centres 1, 3 outside the exterior oval: I add further the values 


VF + 0, =693, V—(9+0,)=245, a,=1018, B,=— 98, 
VF+0,=748, Vg+0, =141, a= 873, B= +294, 
VF+0,=775, Vg+0 =2'45, a= 815, =+ 98, 
VF +0,=894, Vg+0, =509, a= 610, B,=+ °23. 


We thus see how there exists a series of quadrilaterals ABCD, where A, B are 
situate on the interior oval, C, D on the exterior oval. Considering the sides as 
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drawn in the senses A to B, B to C, C to D, D to A: and representing the in- 
clinations, measured from the positive infinity on the axis of æ in the sense æ to y, 
by vı, v2, vs, v respectively: then, in passing to the consecutive quadrilateral A’B’C’D’, 
we have v, and v, decreasing, v, and v increasing, that is, dv, and dv, negative, dv; 
and dv positive; so that, reckoning the elements AA’, BB’, CC’, DD’, that is, dS,, dS,, 
dS;, dS, as each of them positive, we have 


dS, — dS, = — 26,du,, 
dS; — dS, = — 28,dvz, 
dS — dS, = + 28;dus, 


dS, +dS =+ 28 dv , 
and thence 


dS = ôdv — ò dv, — cdv: + dvs, 
dS, = 8du + & dv, + ð dv, — ð dvs, 
dS, = òdv — è dvu, + 8.dv, — õdus, 
dS, = Sdu — ô dv, — cdv: — 8;dus, 


which are the correct signs in regard to the particular figure. 


Reduction of ewer to Elliptic Integrals. Art. No. 29. 
y a 


29. The expression im question is 


? 


s J (cos wo Vf+0—a)?+(sinw Vg+0— BY - 9 


cos?@ sin?ew) — 
ota 


where V® is a mere constant; and we may apply it to the Gaussian transformation, 


ata cos Tta sin T 
c+c cos T+ c” sin T’ 


CoS œw = 


b+ b’ cos T+b” sin T 


sin w = gee 
c+c’cos7' +c’ sinT’ 


where the coefficients a, b, c, a’, b’, c, a’, b”, c” are such that identically 


1 


cos? w + sin? w — 1 = —_~—_,,_, = 
(c +c cos T +c” sin TP 


{cos? T + sin? T — 1}: 


and also 
(cos œ Vf + 0 — a} + (sin œ Vg + 0 — B} 7, 
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that is, 
cos? æ (f+ 0) + sin? w (g + 0) — 2a Vf + 0 cos w — 28 V g + O sin œ + k, 


1 


~ (c+¢ cos T +o” sin TY (G, — G, cos? T'— G, sin? T). 


30. It is found that Gi, G., G, are the roots of a cubic equation 
(G+ 0—06,) (4+ 0-6,)(G+6—4;), 
which being so, we may assume G,=06,—0, G,=6,—0, G;=0,—0@; the second condition, 
in fact, then is 
(f+ 0) cos? w + (g + 0) sin? w — 2a VF + 8 cos w — 28 Vg + Ô sin w + k 


: . 
E +c cos T +c” sin TY {0, — 0 — (0, — 0) cos? T — (0; — 0) sin? T} ; 


and this being so, we find without difficulty the values 
G+, .f+8,.f+s a StH. G+. 9+; wa f+0.g+0 


ale fg -Cim G2. 0, — 6,’ < g —f 0 — 0. 0—0; 0 — 0,. 0—0; 

gta AE L a po aaa E +h. ak aL I0 gto, 
f— g. 0—0. 0, — 0z’ g— f. 0:— 0. 0: — 9,’ 6, — 0.. 0, — 0z? 

qt — ba SFA E pan St 9-9t+h gt Or ye St8s.g+0, 
ETA E PEEN DST T N S E SN ee: 


To make these positive, the order of ascending magnitude must, however, be not as 
heretofore 0;, 6n, 9, but Os, @, Ou, viz. we must have f+0, f+06,, f+6;, 9+, 
9+9, —(9+ 9s), 0,—93, Q — 0z, 0—0; all positive. 


31. The above are the values of the squares of the coefficients; we must have 
definite relations between the signs of the products aa’, bb’, ab, &c., viz. we may have 


a’ a” = J T 0 0,0, a" d= F. H 0 eey 0,0, 
FETE ET a E ET E ETE E a E T NAA 


, +6, a” gt 4, 
OY ee x , 6b=—.,— z 
g- f. 8—0; g-f.0;—0, $ 
Bn Beh 1 fh ce = 1 af 
cc = 6, — 0, ”» ’ 6, — y ” > 


+8 
E ai Sak BOO 
g—-f.%4—%, ” ? 
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and further 
ne 1 6 “od tine hill, g+0:,.g +02.9 +95 
ae L e k EE O a T o AE IT 
ys -1 oe (Mei f+ 0, 
ae OO eam Boat er a A oe = , 
ry Nt ae —1 Cl Ae f+ 9; 
An  Jf—-g9.0:-0; r DA z Wat 6, — 0;. 0; — 0, E d 
Mg g+0, VALE ate Lte S+ Os 
” Oy 0,4 0, — 0, 
AN SA g+0: 
NEEN TET I Bart Be a ; 
Wow g +b; . 
and also 
b'e” +b’ = 2g +0:+0; g+0 f+ 8, f+ 9, ca Mg of _2f+0:+0; S+ 9.9492. g+9, 
ae T g—f.0;—0;.0,— 0,” GO) f2g:0, 8.60,’ 
” » 29+0+0, | G+0,.f+O,f+0, _, „n _2f+0:+0, f+0:.9+0:,.9+0 
OO aE raa ne tT ee, VAF a T r r 
7 _2g+0 +0 _ gt 9 SF +4, S +9, , , _2f+0,+0 F+Os.9+0,.9+ 4, 
Oe SUR CL amg aN ang ange SHOOT TA TF =gs0, 0,.6,—0," 


32. These values, in fact, satisfy the several relations which exist between the 
nine coefficients; viz. the original expressions of cos@, sinw, in terms of cos T, sin 7 
give conversely expressions of cos T, sin T in terms of cos, sinw, the two sets being 


at+adcos7'+a” sin T 


a cos œ + b’ sin œ — ¢ 


Cos m = e E con l= — E 
z c+ c cos T +c” sin T?’ a cos w +b sn oæo— ce ’ 
; b+ 0’ cos T+ b” sin T : a’ cos œ + b” sin œ — c” 
sin w = 3 > — ) Jen e a 
e+c cos7’+c’sn T acos w +bsin w -— c 
and we have then the relations 
1 : 
cos? sin? œ — 1 = —— rr (cos? T+ sin? 7 — 1), 
sel (Aden P+ an TP t ) 
1 


cos? T + sin? T—1 SGiaawubane oor + sin? w— 1), 


(0 +f) cos? w + (0 +9) sin? w —2a V0 + fcos w — 2840 +g sin w + k 
jl : 

“(e+e cos T4 o” sin TY (0 — 0) — (0, — 0) cos? T — (0; — 0) sin? rt, 
(0, — 0) — (0, — 0) cos? T — (0, — 0) sin? T 


= gess rhino nop KO +S) co o+ (0+ 9)sint o 2a v0 +fcosw — 280 +g sin w+ k}, 
vn vs 
31 


C. X. 
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giving the four sets each of six equations 


e+ -e =-], a'a + bb” — c'c” = 0, 

a? +b —c? = +41, a”a +b"b —c’c =0, 

a’? b= c= +1, aa’ + bb’ ee =0, 

—@ +a? +a”[= +l, —be +0 +b” =0, 

—B +6? +b7%=+1, — ca +ca’ +a” =0, 

= e pe’? 4+c"°=-1, — ab +ab +a’b”=0, 
(0+f)a +(0+g)b —2av0+fac — 2B N0 +g be +ke = 0+0, 
(O+f)a? +(0+g)b —2aV0+fa'e — 2B NO + gbe +ke? =— 0,+0, 
(0+f)a" +(0+9)b —2av0+fa"” — 280 + g b"c" + ke” = — 0+0, 


(0+f)aa”+(0+g9)0b"— aVO+f(a'e’+a"c)— BNO +gb" + bd) kec” = 0, 
(0+f)a’a +(0+9)b' — aVO0+f(a"c +a)— BVO+g(b'c +be)+ kee =0, 
(0+f)ad +(6+9)bb — aV0+f(acl +a'c)— BVO+g(be' +be )+kec’ =0, 
(0, — 0) a? — (0, — 0) a? — (0, — 0)a'? =O +f, or say (+f) æ —(0.4+f) a?—-(0;4+f)a=0, 
(0, — 0) b — (0, — 0) b” — (0; — 0) b” = if 9 » (+g) —(0,4+9)b?—-(0;+9 )b’=0, 
(0,— 0) c? — (0—0) —(0,-—0)c? = » 4¢ — 6,c? — 00”? =k+ 90, 
—(0,— 0) be + (0, — eit 0) bc” =— BVO +9, 
—(0,— 0) ca+ (0, — 8) ca’ +(0;—8) ca" =—a V0 + f, 
— (0,— 0) ab+ (6,— 6) ab +(0;—0) a"b"= 0; 
all which formule are in fact satisfied by the foregoing values of the expressions 
a’, b, a, &e. 


33. We then have 
dT 


da =2——_—. — 3: 
cHe cos Cte sin T’ 


the radical which multiplies dw being 
£ ES. tal tree V6. — 6, cos? T — 6.sin? T 
e+e ceos Tee sin T 0, — 0, cos T — 0 sin i 


the differential becomes 


dT V0, — 0, cos? T — 6, sin? T 


2 
Er +5) (c + č cos T + c” sin Tvö 


dT V0,— ee Panes 
ateo cos T +a” sin TP + 76 (2 + 8 cos T +b” sin ry} Jo 


that is, 


(ya 


The denominator could, of course, be paa to the form (*%1, cos T, sin TY; but 
the actual form seems preferable, inasmuch as it y in evidence the linear factors 


(a +a cos T + a” sin T) + ——— cos T + b” sin 7’), 


Fi 


and there seems to be no advantage in further fe the integral. 
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